In this paper, we propose an efficient procedure for finding the possible ranges of uncertain natural frequencies of a finite element (FE) model with uncertain parameters. Uncertain model parameters are described by input fuzzy numbers and then output fuzzy numbers are calculated by fuzzy arithmetic. The variation range of natural frequency is obtained from the membership function of output fuzzy number. The fuzzy arithmetic used is based on the α -cut concept and interval analysis. To reduce the computational effort for the interval analysis, the global optimization technique using response surface methodology (RSM) is introduced. Furthermore, we propose an approach for finding the feasible ranges of uncertain model parameters when the ranges of natural frequencies are specified. This is an inverse problem. A simple frame model is used to demonstrate the effectiveness of the proposed procedure and approach. The examples show that the membership functions of uncertain natural frequencies are efficiently and accurately estimated by the proposed procedure. In addition, the ranges of uncertain model parameters are properly evaluated by the proposed approach.
Introduction
Finite element method (FEM) is a useful tool for optimization and validation in the dynamic structural design process. However, it is often difficult to construct a reliable finite element (FE) model because all model parameters are not precisely and deterministically known. This is caused by variability of material properties and manufacturing tolerances, and uncertainty of joint models, boundary conditions and physical properties in an early stage of the design process. Especially, the uncertainty is due to the lack of sufficient knowledge and only the range of values is known in an early design stage.
It is very important to assess the effect of variability and uncertainty on the structural dynamic properties. This information allows us to predict the relationship between the range of dynamic property and the range of model parameter, and the worst-case scenario of structural behavior. Variability is typically modeled with a probability density function (PDF) and its effect can be assessed by stochastic procedures such as Monte Carlo simulation and probabilistic FEM (1) . Uncertainty should not be described with a PDF because there is not enough information available. An alternative method to describe the uncertainty of model parameter is to introduce the concept of fuzzy number.
To assess the effect of uncertainty on the structural dynamic properties, uncertain model parameters are described by input fuzzy numbers and then output fuzzy numbers are calculated by fuzzy arithmetic. Since application of a standard fuzzy arithmetic (2) is quite unpractical, some approximate methods based on the α -cut concept and interval analysis have been developed (3) . The most commonly used approximation strategies are the vertex method (4) and the global optimization approach (5) , (6) . Although the vertex method is conceptually simple, it does not return the exact intervals if the output dynamic properties behave nonmonotonically with respect to the input model parameters. On the other hand, although the global optimization approach returns the exact intervals, it is computationally expensive.
We propose an efficient procedure for finding the ranges of possible values of uncertain natural frequencies of a FE model with uncertain parameters. The procedure is based on the global optimization technique using response surface methodology (RSM) (7) . The major advantages of using RSM are not only the reduction of computational effort in the global optimization process but also the solving of mode switching problem. Mode switching is a phenomenon that the order of the focusing mode changes with the change in model parameter values. Furthermore, we propose an approach for finding the ranges of feasible values of uncertain model parameters when the ranges of natural frequencies are specified. This is an inverse problem, that is, natural frequencies are modeled as input fuzzy numbers and then model parameters are calculated as output fuzzy numbers. A simple frame model is used to demonstrate the effectiveness of the proposed procedure and approach.
Analysis Procedure

Fuzzy arithmetic concept
A fuzzy number is a fuzzy set with special properties: the set is convex and the membership function is piecewise continuous with the functional value of 1 at one element. The shape of membership function can be derived from expert knowledge or experimental data. Two well-known types are a Gaussian and a triangular shape. In this paper, we use the triangular shape membership function as shown in Fig.1 . A fuzzy number i p with triangular membership function is expressed by 
In the proposed procedure, uncertain model parameters of a FE model are described by input fuzzy numbers and then output fuzzy numbers are calculated by fuzzy arithmetic. From the membership function of the output fuzzy number, the range of natural frequency is obtained and its uncertainty can be evaluated. Since application of a standard fuzzy arithmetic to the structural dynamics problems is quite unpractical, some approximate methods based on the α -cut concept and interval analysis have been developed.
The α -cut concept is briefly described. As shown in Fig.2 , each input fuzzy number i p is decomposed into a set i P of m+1 intervals
where m is the number of α -cut levels. The interval of the j-th level of the i-th fuzzy number is given by
where
denote the lower and upper bounds of the interval at the j-th level, respectively, and
at the highest level j=m. After that, as shown in Fig.3 , the interval of output fuzzy number is calculated from the intervals of input fuzzy numbers by the interval analysis at each α -level and then the membership function of output fuzzy number is constructed by recomposing the intervals according to their levels of the membership function. In general, even though the input fuzzy numbers are defined by a triangular membership function, the resulting membership functions of output fuzzy numbers often do not have a triangular shape.
The goal of the interval analysis is to efficiently and accurately calculate the interval of natural frequency within the intervals of model parameters at each α -level. The most commonly used interval analysis strategies are the vertex method and the global optimization approach. Hereafter, we refer to the fuzzy arithmetic procedures using the above two types of interval analysis strategies as the vertex method and the global optimization approach, respectively.
The vertex method
The vertex method is briefly described. The vertex method calculates the natural frequencies at only the vertices of the input parameter space, that is, the combinations of the extreme values of intervals of uncertain model parameters. For n model parameters, there are n 2 vertices at each α -level. These vertices are generated as a set of design points using design of experiments (DOE), that is, the two-level full factorial design. For an example problem with 2 uncertain parameters, the combinations of parameter values at the 
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For m α -cut levels, the total number of design points is are constructed with the parameter values at the k-th design point and then the following deterministic eigenvalue problem is solved to obtain the natural frequency ) 2 / (
The interval ) ( j r F at the j-th level is determined by selecting the minimum and maximum values of the deterministic natural frequencies:
and at the highest level j=m,
is the single deterministic natural frequency obtained from the combination of the core values. The output fuzzy number is constructed by recomposing the intervals according to their levels of the membership function. The important limitation of the vertex method is that the exact interval can be obtained only if the natural frequencies behave monotonically with respect to the input model parameters.
In this paper, we slightly improve the vertex method. The three-level full factorial design is used instead of the two-level full factorial design. In this case, the design points are not only vertices but also midpoints between vertices. For m α -levels and n parameters, the total number of design points is ) 1
. Hereafter, we refer to this method as the improved vertex method.
Mode switching problem
In the fuzzy arithmetic for natural frequency, mode switching is a serious problem. Mode switching is a phenomenon that the order of the focusing mode changes with the change in model parameter values. In this paper, before determining the interval of natural frequency, we switch the natural frequencies properly using the Modal Assurance Criterion (MAC) value (8) . The MAC value measures the correlation between two mode shape vectors and it is defend as φ are the r-th reference mode shape and the s-th current mode shape, respectively. In this paper, as the reference mode shape for each mode, we use the mode shapes obtained from the combination of the core values of model parameters. Therefore, the natural frequency for the mode which has the highest MAC value with the reference mode shape is selected as that for the focusing mode.
Global optimization approach using RS model
A more effective strategy for obtaining the exact interval of natural frequency is to use a global optimization technique. The fuzzy arithmetic using the global optimization technique (i.e. the global optimization approach) solves the following optimization problem to determine the interval
for each mode at each α -level:
The natural frequency is minimized or maximized within the lower and upper bounds of model parameters. Only the bound constraint is different for each α -level.
The main advantage of the global optimization approach is that the exact interval of natural frequency is obtained if the optimization is successful. However, the global optimization approach is computationally expensive. In addition, although automatically switching of natural frequencies during the optimization is indispensable, it is not easy because of the difficulty in tracking mode.
To overcome the above problems, we incorporate RSM in the global optimization approach, that is, a RS model is used instead of the FEM analysis. The RS model is an approximation of the objective function over the input parameter space. Some kind of functions can be used to construct a RS model. Since the commonly used second-order polynomial function may lack accuracy, we employ the third-order polynomial function as the RS model. 
where r fˆ is the estimate of natural frequency, and 0 a , i b , ij c and ijk d are the coefficients of polynomial terms. These coefficients can be determined using the least squares method. The sample points should be generated properly using DOE. In this paper, we use the three-level full factorial design.
After the RS models are constructed for all modes of interest, all optimizations are performed using the RS models to determine the intervals of natural frequencies. Since the FEM calculates the natural frequencies for all modes at the same time, it is less expensive to construct the RS models for all modes of interest. In addition, the mode switching problem would be dealt with rather easily because the natural frequencies are properly switched before the construction of RS models. These are great benefits of using the RS models.
Extension to finding feasible design range
It is important to obtain the ranges of natural frequencies because this information allows us to predict the worst-case scenario. However, in an early design stage, it can be more desirable to identify the feasible ranges of design variables. Thus, we propose an approach to find the ranges of feasible values of uncertain model parameters when the ranges of natural frequencies are specified. This is an inverse problem, that is, natural frequencies are input fuzzy numbers and model parameters are output fuzzy numbers.
The 
where } { ) ( j i k p is the solution set which satisfies the constraint set given by
The minimum and maximum values of model parameter are determined by solving the constrained optimization problem at each α -level. The output fuzzy number is constructed by recomposing the intervals according to their levels of the membership function. Since the solution of this optimization problem can be uniquely determined because a constraint is insufficient, in this paper, we add the below condition to Eq.(14).
The membership functions of model parameters obtained by the proposed approach indicate that if each parameter value is within the range obtained, each natural frequency stays within the specified range. This information will be useful in finding better values for design variables in an early design stage and in setting initial parameter values in a FE model updating. In the interval analysis, the RS models constructed previously can be used to reduce the computational effort. This leads to more beneficial use of the RS models
Numerical Examples
The effectiveness of the proposed procedure and approach is demonstrated through the simple planar frame structure shown in Fig.6 . Using this example structure, it is easy to demonstrate the mode switching problem because the mode switching obviously occurs even though the number of uncertain model parameters is small as shown later. The structure is made by joining 4 vertical columns and 4 cross beams with the same length of 0.5m. In the FE analysis, each of the columns and beams is modeled with 6 planar beam elements. The FE model is fixed at the two bottom ends. As the uncertain model parameters, the heights of the upper left and lower right beams are considered. The uncertain model parameters are described by fuzzy numbers with symmetric triangular membership function. Their core values and bounds of ranges are shown in Table 1 and beams have the height of 0.05m (i.e. the core value). Figure 7 shows the mode shapes for the FE model when the uncertain model parameters have the core values.
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Membership function of natural frequency and the mode switching problem
Before the efficiency of using RS models is shown, the necessity for properly switching the natural frequencies and for using the global optimization technique is demonstrated.
Each membership function of model parameters is decomposed into 6 intervals (m=5). After that, the membership functions of natural frequencies for modes 2, 3 and 4 are determined by the improved vertex method and the global optimization approach. For the improved vertex method, the deterministic eigenvalue analysis is performed at the design points shown in Fig.8 , where the total number of calculations is 41 (=1+ )
). For the global optimization approach, the optimization problem is solved by a gradient-based nonlinear programming algorithm. In this case, the total number of calculations for the eigenvalue analysis is over 150, including the function evaluation and the gradient calculation. The number of calculations is easily increased when the numbers of both target modes and α -levels increase.
The membership functions are shown in Fig.9. Figures 9(a) and (b) show the results of the improved vertex method: (a) the natural frequencies are not switched and (b) the natural frequencies are switched according to the mode switching. bound for mode 2 and the upper bound for mode 3 are unreasonable. This is because the natural frequencies for modes 2 and 3 behave nonmonotonically over a certain range of the model parameters. Therefore, it is necessary to use the global optimization approach to obtain the exact membership functions as can be seen from Fig.9(c) .
The global optimization approach returns the exact interval of natural frequency if the optimization is successful. However, it is computationally expensive because of a larger number of the required eigenvalue analysis during the optimization. In addition, the mode switching problem is difficult to deal with in the optimization process.
Global optimization approach using RS model
The efficiency of the global optimization approach using RS models is demonstrated. First, the RS models are constructed using the third order polynomial function which has 10 terms. Their coefficients are determined from the natural frequencies at a total of 41 design points for each mode. These natural frequencies are the same as used to estimate the results in Fig.9(b) , which are switched correctly. Figure 10 shows the RS models for modes 2, 3 and 4.
The membership functions of natural frequencies are estimated by the global optimization approach using the RS models shown in Fig.10 . In this case, since the eigenvalue analysis is not needed and the gradient of the function is analytically available from the RS model, the intervals are determined very quickly. Figure 11 shows the membership functions for modes 2, 3 and 4 along with the exact membership functions (i.e. the results in Fig.9(c) ).
The estimated membership functions are in good agreement with those of the global optimization approach not using RS model. In terms of computational cost, the approach using RS model requires 41 eigenvalue analyses to construct the RS models before the optimization process. In addition, a total of 124 function evaluations (42 for mode 2, 43 for mode 3 and 39 for mode 4) during the optimization process using the RS models are required to obtain the membership functions of natural frequencies. On the other hand, the approach not using RS model uses eigenvalue analysis for function evaluations. It is difficult to directly compare the computational cost between the two approaches because the approach not using RS model has the mode switching problem. However, if mode switching does not occur, the number of function evaluations is almost the same between the two approaches. That is, the approach not using RS model requires at least 124 eigenvalue analyses to obtain the membership functions of natural frequencies. For this case, the number of eigenvalue analyses required by the approach using RS model is approximately one third that by the approach not using RS model. This indicates the efficiency of the global optimization approach using RS model. Thus, the proposed procedure is capable of efficiently and accurately estimating the membership functions of natural frequencies.
Meanwhile, for the lower bound for mode 2, the error is relatively large compared to the others. This may be due to the large nonlinearity over the lower frequency range for mode 2 as observed from Fig.10(a) . To improve its estimation accuracy, it must be effective to use Kriging model (9) as an approximate model or adaptive response surface method (10) .
Finding feasible design range
The ranges of feasible values of uncertain model parameters are estimated when the ranges of natural frequencies are specified. To efficiently determine the intervals of model parameters, the RS models are used here.
The natural frequencies are described by fuzzy numbers with triangular membership function. Their core values and bounds are shown in Table 2 , where the percentage in parentheses indicates the variation from the core value. These values are determined based on the membership functions shown in Fig.11 . Especially, the intervals are determined as wide as possible, while the bounds stay within the bounds shown in Fig.11 at all α -levels.
This allows us to use the RS models shown in Fig.10 in determining the intervals of model parameters.
The membership functions of uncertain model parameters are estimated by the global optimization approach using the RS models. As the optimization method, the gradient projection method is used. Figure 12 shows the membership functions of model parameters for the natural frequencies of modes 2, 3 and 4 along with the original symmetric triangular membership functions. The estimated membership functions imply that if each parameter value is within the range between the circles at all α -levels, each natural frequency stays within the range specified in Table 2 . For mode 2, the membership functions have a roughly triangular shape that is not symmetric. In addition, the upper bound of 1 p and the lower bound of 2 p are close to the original bounds, while the opposite bound for each parameter is away from the original bound. This indicates that the lower bound of 1 p and the upper bound of 2 p are obviously limited. For mode 3, both the lower and upper bounds of 1 p and 2 p are close to the original bounds. However, their shapes differ from a triangular shape. For mode 4, both 1 p and 2 p are obviously limited for both the lower and upper bounds. In addition, their shapes differ from a triangular shape. The information derived from the membership functions will be useful in finding successively better values for design variables in an early design stage and in setting initial parameter values in a FE model updating. Therefore, the proposed approach is a very useful application of the fuzzy natural frequency analysis.
Conclusions
We have proposed an efficient procedure for finding the possible ranges of uncertain natural frequencies of a finite element (FE) model with uncertain parameters. Uncertain model parameters are described by input fuzzy numbers and then output fuzzy numbers are calculated by fuzzy arithmetic. The variation range of natural frequency is obtained from the membership function of output fuzzy number. The fuzzy arithmetic used is based on the α -cut concept and interval analysis. To reduce the computational effort for the interval analysis, the global optimization technique using response surface methodology (RSM) is introduced. Furthermore, we have proposed an approach for finding the feasible ranges of uncertain model parameters when the ranges of natural frequencies are specified. This is an inverse problem.
The effectiveness of the proposed procedure and approach was demonstrated through the numerical examples using the simple frame model. The results indicate the following.
(1) The proposed procedure is capable of efficiently and accurately estimating the membership functions of uncertain natural frequencies. (2) Using RS model makes it easier to deal with the mode switching problem in the optimization process. (3) The proposed approach enables us to estimate the membership functions of uncertain model parameters and the feasible ranges of uncertain model parameters are properly evaluated from the estimated membership functions. This is a useful application of the fuzzy natural frequency analysis. (4) The RS models can be used successfully in estimating the membership functions of both natural frequencies and model parameters. This leads to more beneficial use of RS models.
